Two-place nonlocal systems have attracted many scientists' attentions. In this paper, two-place non-localities are extended to multi-place non-localities. Especially, various two-place and fourplace nonlocal nonlinear Schrödinger (NLS) systems and Kadomtsev-Petviashvili (KP) equations are systematically obtained from the discrete symmetry reductions of the coupled local systems.
I. INTRODUCTION
In 2013, Ablowitz and Musslimani proposed a first integrable nonlocal nonlinear model, the nonlinear Schrödinger (NLS) equation [1] iA t + A xx ± A 2 B = 0, B =f A =PĈA = A * (−x, t),
where the operatorsP andĈ are the usual parity and charge conjugation. In literature, the nonlocal nonlinear Schrödinger equation (1) is also called parity-time reversal (PT ) symmetric (more precisely, should be calledPĈ symmetric).P -Ĉ-T symmetries play important roles in the quantum physics [2] and many other areas of physics, such as the quantum chromodynamics [3] , electric circuits [4] , optics [5, 6] , Bose-Einstein condensates [7] , and so on.
Notice that the model equation (1) includes two different places {x, t} and {x ′ = −x, t ′ = t}, thus, we call all the models including two places {x, t} and {x ′ , t ′ } two-place systems or
Alice-Bob systems [8] . Two-place systems may be developed to describe various two-place physics which is the physical theory to explain the corelated/entangled natural phenomena happened at two different places [9] .
In addition to the nonlocal NLS system (1), there are many other types of two-place nonlocal models, such as the nonlocal KdV systems [8, 9, 11] , nonlocal MKdV systems [8, 12, 13] , nonlocal discrete NLS systems [14] , nonlocal coupled NLS systems [15] , nonlocal Davey-Stewartson systems [16] [17] [18] , generalized nonlocal NLS equation [19] , nonlocal nonautonomous KdV equation [20] , nonlocal peakon systems [21] , nonlocal KP systems, nonlocal sine Gordon systems and nonlocal Toda systems [8, 9] .
In natural sciences, more than two events occurred at different places may be correlated or entangled. To describe multi-place problems, it is natural and important to establish some possible multi-place nonlocal models.
In section II, we propose two general methods to find a model with multi-place nonlocalities. In section III, we focus on multi-place nonlocal integrable systems, especially for the two-place and four-place nonlocal NLS equations and KP equations. Section IV is devoted to investigating special solutions of two special two-place and four-place KP systems.
The last section is a short summary and discussion.
II. GENERALIZED ASPECT TO FIND MULTI-PLACE NONLOCAL SYSTEMS
To find multi-place nonlocal systems, there may be several possible approaches. In this section we focus on two simplest methods. The first method is to find a possible discrete symmetry group with n elements for an m component coupled system such that the discrete symmetry reductions can be found. The second one is to apply the so-called consistent correlated bang (CCB) for a lower component system to get a higher component system so that the first method can be used.
A. Multi-place nonlocal systems from multi-component systems
For the m-component system
where K i , i = 1, 2, . . . , m are functions of u j , j = 1, 2, . . . , m and their derivatives with respect to the space and time variables X = {x 1 , x 2 , . . . , x d , t}, if we can find an n-order discrete group
then one may find a suitable transformation
which transforms the original equation system (2) to a new onẽ
thereafter, the G-symmetry reductions can be directly obtained with some v i , i = 1, 2, . . . , m related to others by suitable group elementsĝ, j = 1, 2, . . . , n. Usually, the G-symmetry reductions are multi-place nonlocal systems ifĝX = X for some j.
Here is a simple special example. It is clear that the following integrable coupling KP system
possesses an eighth order discrete symmetry group
where the operatorsP x ,P y ,T andĈ are the parity for the space variables x and y, time reversal and charge conjugate (complex conjugate in mathematics) defined bŷ
respectively.
Using the symmetry group G, one can directly obtain the following eight discrete symmetry reductions
pĝ ≡ĝp,ĝ ∈ G, j = 0, 1, . . . , 7, where p and r are related to u, v, w and z by the symmetry reduction transformation
Forĝ = {1,Ĉ}, the reductions (9) are two local integrable coupled KP systems. For g = {1,Ĉ}, the reductions (9) are integrable coupled two-place nonlocal KP systems. For simplicity, we just take the KP equation
as a simple example to show the CCB approach. 
Substituting (12) into (11), we have
It is clear that (13) can be banged to an m component coupled KP system
with m arbitrary functionals G i under only one condition
(II) Correlation. To get some nontrivial models, we assume that the banged fields u i are correlated each other, say, we can write the correlation relations as
(III) Consistency. It is natural that the correlation (16) and the banged system (14) should be consistent. Applying g on (14) for all i and j, it is straightforward to prove that the set of the correlated operatorsĝ
consists of an m order finite group. Furthermore, the condition (15) becomes
It is clear that if take the discrete symmetry group as shown in (7) for m = 8, then we get a four-place nonlocal complex KP equation (u 0 ≡ p)
with G 0 being a solution of (18) including G 0 = 0 as a special trivial example.
III. TWO-PLACE AND FOUR-PLACE NONLOCAL INTEGRABLE SYSTEMS
In this section, we apply the general theory of the last section to obtain some multi-place nonlocal extensions for several important physical models such as the NLS, KP, KdV and sine-Gordon models.
A. Two-place and four-place nonlocal NLS systems
One of the most famous NLS equation
which is a simple reduction of the AKNS system
by using the reduction relation r = q * .
In fact, the AKNS system (23) possesses a sixteenth order discrete symmetry group
with four second order generators, {F ,P ,ĈÊ q,r ,TÊ q,r }, whereP is the shifted parity,T is the delayed time reversal,Ĉ is the charge conjugate,F is the field reflection andÊ q,r is the exchange of the fields q and r.F andÊ q,r are defined bŷ
From the definition (27), we know that there are two types of discrete symmetries. The first type of symmetries (S 1 ) exchanges the fields q and r. However, the second type of symmetries (S 2 ) does not exchange the field variables, and thus it can not be used to obtain nontrivial reductions. Consequently, the AKNS system (23) possesses the following eight nontrivial discrete symmetry reductions
g ∈= Ĉ ,FĈ,ĈP ,FĈP ,T ,FT ,TP ,FTP .
Obviously, the reductions (28) include two local reductions forĝ = {C, F C} and six twoplace nonlocal reductions forĝ = {Ĉ,FĈ}.
To get four-place NLS type nonlocal systems, one has to study the discrete symmetry reductions for some higher component AKNS systems. Here are two special four component AKNS systems
and
It is clear that the coupled AKNS systems (29) and (30) will be reduced back to the standard AKNS (21) if p = q and s = r.
It is straightforward to find that the coupled AKNS systems (29) and (30) possess an common sixteenth order discrete symmetry group
where the field exchange operatorsÊ 
In the discrete symmetry group (31), we have not considered the field reflection operator F , because the sign change of the fields has been included in the model parameter σ.
Four types of nontrivial and nonequivalent local or nonlocal AKNS systems can be obtained from the reductions of the discrete symmetry group (31).
The first type of reductions can be written from (29) as
The reduction (33) is local forf = 1, while the other three reductions of (33) withf = 1 are two-place nonlocal AKNS systems.
The second type of AKNS systems obtained from (30) reads
As in the first type of reductions (33), the reduction (35) withf = 1 is the local AKNS while the others are two-place nonlocal AKNS systems.
The third type of discrete symmetry reductions from (29) possesses the forms
In this case, the local AKNS system is related toĝ =Ĉ, while the two-place nonlocal AKNS reductions are corresponding toĝ =Ĉ.
The fourth type of discrete symmetry reductions
can be obtained from (30). Whenĝ =Ĉ, the reduction (39) is just the well known local Manakov system
Whenĝ = {T ,ĈP ,PT }, the reductions of (39) are two-place nonlocal Manakov models.
The integrability of the coupled AKNS system (29), the nonlocal AKNS systems (33) and (37) can be guaranteed by the following common Lax pair
where
The integrability of the coupled AKNS system (30), the nonlocal AKNS systems (35) and (39) can be ensured by the Lax pair of the two component vector AKNS system,
where c, λ and λ 1 are arbitrary constants.
It is interesting that some known integrable nonlocal NLS (or named ABNLS) systems are just the special reductions of the nonlocal AKNS systems (33), (35) (37) and (39). For instance, taking p = q = A, s = r = B in (37), we get the known nonlocal NLS systems (28) and some others such as those in [1, 8, 23] and [24] ,
B =ĝA,ĝ ∈ {T ,ĈP ,PT }.
In addition to the known nonlocal NLS reductions (46), one can also obtain some types of novel local and nonlocal two-place and four-place NLS type systems from the AKNS systems (33), (35), (37) and (39).
It is clear that (33) allows a special reduction r = q * ≡ A * and then
B =f A,f ∈ {P ,ĈT ,PĈT }.
In fact, from the coupled AKNS systems (29) and (30), we can get 32 different types of NLS reductions. Applying the symmetry group G to (29), we have
The fullP -T -Ĉ symmetry reductions of (30) possess the form iq t + q xx + 2σĝ + qf qfĝ = 0, (p, r, s) = (f q ≡ qf ,ĝq ≡ qĝ,fĝq ≡ qfĝ), (52)
For the sixteen reductions (50), there are one local case (f = 1,ĝ =Ĉ), nine two-place cases (37) (f = 1,ĝ = {T ,PĈ,PT }), (33) (ĝ =Ĉ,f = {P ,TĈ,PTĈ}) and the cases related toĝ =Ĉf ,f = {P ,TĈ,PTĈ},
All other six cases, ({f =P ,ĝ = (T ,PT )}, {f =TĈ,ĝ = (ĈP ,PT )}, {f =PTĈ,ĝ = (T ,PĈ)}) are four-place nonlocal NLS equations which have not yet appeared in literature.
For instance, forĝ =ĈP andf =ĈT , the related four-place nonlocal NLS equation (50) becomes
The systems (54) and (56) are called four-place nonlocal NLS equation because four places (x, t), (x, −t), (−x, t) and (−x, −t) are included.
Similarly, for the sixteen reductions (52), there are one local case, nine two-place nonlocal cases and six four-place nonlocal cases,
In fact, there are many other coupled (and decoupled) integrable AKNS systems, say, the vector and matrix AKNS systems. Starting from every coupled (and decoupled) AKNS systems, one may obtain some possible multi-place integrable discrete symmetry reductions.
Here, we just list another two sets of integrable local and nonlocal NLS type systems
f ∈ G 1 ,ĝ ∈ G 2 , and
with free parameters α, β, γ and δ, where G 1 and G 2 are given by (31).
It is clear that when β = 0, the models (59) will be degenerated to (52). For convenience, we rewrite (59) as
Vf ,ĝ = α(qqĝ + qf qfĝ) + β(qf qĝ + qqfĝ),
where Vf ,ĝ is clearly Gf ,ĝ invariant,
For concreteness, we list all the independent NLS systems included in (59) (i.e., (61)) below.
(i). GĈ ≡ G 1,Ĉ invariant local NLS equation,
(ii). GPĈ ≡ G 1,PĈ invariant two-place nonlocal NLS system,
(iii). GPT ≡ G 1,PT invariant two-place nonlocal NLS system,
(iv). GT ≡ G 1,T invariant two-place nonlocal NLS system,
(v). GP ,Ĉ invariant two-place nonlocal NLS system,
(vi). GPT ,Ĉ invariant two-place nonlocal NLS system,
(vii). GT ,Ĉ invariant two-place nonlocal NLS system,
(viii). GPT ,PĈ invariant four-place nonlocal NLS system,
(ix). GPĈT ,T invariant four-place nonlocal NLS system,
(x). GP ,T invariant four-place nonlocal NLS system,
Other types of selections of f and g are related to the exchanges of the constants α and β.
All sixteen cases of (52) can be obtained from the above cases by setting β = 0 or α = 0.
The first four cases are just known results of the discrete symmetry reductions from the usual AKNS system.
The integrability of (59) (i.e., (61)) is trivial because it is only a special discrete symmetry reduction of the so-called (N+M)-component integrable AKNS system (Eqs. (104,105) of [25] with {ψ, ψ * , y} → {q, p, it})
for M = N = 2 and special selections of constants a nm . The integrability of (75)-(76) is guaranteed because it is only a symmetry reduction of the KP equation [25, 26] .
It is also interesting to mention that using theP -T -Ĉ symmetry group, one can find more discrete symmetry reductions from all the above reduced model equations. For instance, starting from the well known Manakov systems (41), one can find not only the two-place physically significant nonlocal complex systems listed in [27] , but also the following two-place and four-place physically significant nonlocal real nonlinear systems, we omit the details on the similar derivation of these reductions
f ∈ {T ,PT },ĝ ∈ {1,T ,P ,PT }.
Especially, ifĝ = 1, two-place models of (77)
can also be derived from the usual local NLS equation. There exist only two independent four-place nonlocal systems included in (77),
B. Two-place and four-place nonlocal KP systems
To find multi-place nonlocal KP systems, we have to get some multi-component coupled KP equations. To guarantee the integrability, we start from the matrix Lax pairs for matrix KP equations
where ψ is an m component vector and U is an m × m matrix.
The compatibility condition ψ yt = ψ ty of the Lax pair reads
For the non-Abelian complex matrix KP system (84) with σ = i = √ −1, itsPTĈ symmetry group is constructed by the generator operatorsP xT andĈP y ,
For the Abelian matrix KP system, [U, W ] = 0, thePTĈ symmetry group is the same as given in (7) with three generatorsP xT ,Ĉ andP y .
Here, we just list some special examples and the relatedPTĈ symmetry reductions. Example 1. Abelian matrix KP system (84) with
possesses a single componentPTĈ symmetry reduction
Example 2. From the Abelian matrix KP system (84) with
we can find aPTĈ symmetry reduction
Example 3. From the non-Abelian matrix KP system (84) with
we can find afĝ symmetry reduction
wheref ,ĝ ∈ G I = {1,P xT ,ĈP y ,P xTĈP y }
for KPI system (σ = i = √ −1) and
for KPII system (σ = 1).
For the KPI case, the reduction (93) contains one usual local KPI reduction,
six two-place nonlocal Abel KPI reductions
and six four-place non-Abelian nonlocal systems,
{f ,ĝ} ∈ {P xT ,P yĈ ,P xTP yĈ },f =ĝ.
For the KPII system, we only write down two special Abelian real two-place nonlocal reductions from (93),
To end this section, we write down a general vector form of a special local and nonlocal KP system
The model equation (104) is a generalization of examples given by (88) and (91).
IV. EXACT SOLUTIONS OF MULTI-PLACE NONLOCAL KP SYSTEMS
A. Symmetry-antisymmetry separation approach to solve nonlocal systems
For a second order operator,ĝ,ĝ
one can always separate an arbitrary function, A, as a summation ofĝ-symmetric andĝ-antisymmetric parts in the following way,
It is clear that u and v defined in (107) are symmetric and anti-symmetric, respectively, with respect toĝ, i.e.,ĝ
Thus, a two-place nonlocal system
can be transformed to a coupled local system
by using (106). Therefore, to solve the nonlocal equation (109) is equivalent to solving the local system (110) and (111) with (107).
Similarly, a four-place nonlocal system
can be changed to a coupled local system
by using the symmetric-antisymmetric separation
such that
From the definitions (118) and (119), it is not difficult to find that u is group
invariant, v isf invariant andĝ antisymmetric, w isĝ invariant andf antisymmetric, while z is bothf andĝ antisymmetric. To sum up, we havê
Hence, to solve the nonlocal equation (112) is equivalent to solving the local system (113)-(116) with the conditions (120).
B. Exact multiple soliton solutions of a two-place nonlocal KP equation
For concreteness, we study the exact solutions of the special two-place nonlocal KP equation
Using the symmetry-antisymmetry separation procedure,
(121) is separated to
The multiple soliton solutions of the KP equation (123) can be simply obtained by using the well known Hirots's bilinear approach. The bilinear form of (123) can be written as
by means of the transformation
where the bilinear operators D x , D t and D y are defined by
It is interesting that for the equation (124) with (126), we have a special solution
with a being an arbitrary constant.
Though {(126), (127)} solves (123) and (124), however, to get the solution of the twoplace nonlocal KP equation (121), we have to check the nonlocal conditions (108) forĝ = P yP xT ,P xT andP y , respectively. Case 1.ĝ =P yP xT . In this case, the multi-soliton solutions of the two-place KP equation (121) can be written as
where the summation on {ν} ≡ {ν 1 , ν 2 , . . . , ν i , . . . , ν N } should be done for all possible
Case 2.ĝ =P xT . In this case, the multiple soliton solution of the two-place nonlocal KP equation (121) still possesses the form (128). However, the paired condition has to be satisfied,
The condition (129) implies that the odd numbers of soliton solutions in the form (128) are prohibited for the partially inverse nonlocal system KP system (121) withĝ =P xT . Under the condition (129), we have paired travelling wave variables
with the propertyP
Thus, the nonlocal condition (108) is naturally satisfied forĝ =P xT .
For n = 1 (N = 2), the solution (128) with (129) becomes
For n = 2 (N = 4), the solution (128) with (129) possess the form 
w xt + (w xx + b + uw + b − vz) xx + 3σ 2 w yy = 0,
z xt + (z xx + a + wv + a − uz) xx + 3σ 2 z yy = 0 (140) with the symmetric-antisymmetric conditions (120) and the constant relations c ± = U 11 ± U 12 ± U 13 + U 14 + U 22 + U 23 ± U 24 + U 33 ± U 34 + U 44 , e ± = U 11 ∓ U 12 ± U 13 − U 14 + U 22 − U 23 ± U 24 + U 33 ∓ U 34 + U 44 ,
V. SUMMARY AND DISCUSSIONS
In summary, the two-place nonlocal integrable models are systematically extended to multi-place nonlocal integrable (and nonintegrable) nonlinear models by means of the discrete symmetry reductions of the coupled local systems. Especially, various four-place nonlocal integrable systems are obtained.
Starting from every multi-component AKNS system, one may derive some local and non- Because many nonlocal nonlinear systems can be derived from thePTĈ symmetry reductions, the nonlocal systems may be solved viaP -T -Ĉ symmetric-antisymmetric separation approach (SASA). Using SASA, the two-place nonlocal KP equation (121) and four-place nonlocal KP equation (142) are explicitly solved for special types of multiple soliton solutions.
